Large crystalline molecular shells, such as some viruses and fullerenes, buckle spontaneously into icosahedra. Meanwhile multicomponent microscopic shells buckle into various polyhedra, as observed in many organelles. Although elastic theory explains one-component icosahedral faceting, the possibility of buckling into other polyhedra has not been explored. We show here that irregular and regular polyhedra, including some Archimedean and Platonic polyhedra, arise spontaneously in elastic shells formed by more than one component. By formulating a generalized elastic model for inhomogeneous shells, we demonstrate that coassembled shells with two elastic components buckle into polyhedra such as dodecahedra, octahedra, tetrahedra, and hosohedra shells via a mechanism that explains many observations, predicts a new family of polyhedral shells, and provides the principles for designing microcontainers with specific shapes and symmetries for numerous applications in materials and life sciences.
U niform convex polyhedra, such as Platonic and Archimedean solids, have beguiled scientists, philosophers, and artists for millennia (1, 2) . In our modern era, they are incorporated in the revolutionary Descartes's geometrization of nature and introduce aesthetic elements in the physical sciences (3) . Although mathematicians have rigorously captured the "morphological essence" of such highly regular polytopes by classifying and formalizing their symmetries and isometries (4), the search for such structures in the realm of nature has been, for the most part, rather elusive.
Notable attempts include Plato's description of the fundamental matter constituents (5) and Kepler's effort to fit the motion of planets by using those very same regular solids that Greeks identified centuries earlier (6) . In recent times, polyhedral shapes have been identified at the microscopic level. Besides faceted small metal clusters (7) and hard-sphere clusters (8) , there are many examples of polyhedral shells ranging from capsids of viruses (9) , supramolecular organic and inorganic assemblies (10) , "platonic" hydrocarbons and carbon molecules (11, 12) , to protein-based bacterial organelles (13) including carboxysomes (14, 15) and multicomponent ligand assemblies (16) , to name a few. The connection between the lowest-energy configuration of a complex system at the microscopic scale and geometric principles has fostered many scientific discoveries (17) , and it is a guiding principle in advancing modern fundamental science (18) . We explore this connection here to design a previously undescribed family of polyhedral shells.
The most frequently observed polyhedral symmetry in selfassembled homogeneous elastic shells is the icosahedron, a polyhedron with the highest possible symmetry. A quantitative explanation of this account comes from the theory of elasticity (19, 20) , which describes how any spherical shell made of a homogenous, isotropic, elastic material can buckle into an icosahedron. The onset of such faceting is controlled by a single parameter, the Föppl-von Kármán number γ ¼ Y R 2 ∕κ (19) , where Y is Young's modulus, κ is the bending rigidity, and R is the radius of the shell. Closed membranes with the topology of a sphere cannot be covered by a perfect triangular crystalline lattice; that is, it is not possible to construct a lattice on the surface of a sphere such that each site has only six neighbors. Consequently, any such crystalline lattice will contain defects. If one allows for fivefold defects only then, according to the Euler theorem, the minimum number of defects is 12 fivefold disclinations. In the absence of further defects (21) , these 12 disclinations are positioned on the vertices of an inscribed icosahedron (22) . Because of the presence of disclinations, the ground state of the shell has a finite strain that grows with the shell size. When γ > γ Ã (γ Ã ∼ 154) any flat fivefold disclination buckles into a conical shape (19) . On a spherical shell these 12 defects buckle simultaneously, and the spherical shell acquires an icosahedral shape (the only regular polyhedron with 12 vertices) (20) .
Elastic theory assigns a curvature energy to regions of outof-plane shell deformations (23) . The faceting transition occurs when the curvature energy concentrates on special areas (edges and vertices) that are separated by flat domains (faces), instead of being uniformly distributed over the surface of a sphere. The condensation of the curvature energy is insightfully interpreted (24) as an example of energy focusing (25) , and it is typical of the more general process of surface crumpling (26) . As shown below, these concepts are crucial in the formation of heterogeneous polyhedral shells.
Most studies have pointed out the transition from sphere to icosahedron for a single-component elastic membrane and dismissed the possibility of a transition toward other types of uniform polyhedra. We find that it is possible to facet crystalline shells (including closed tethered membranes and spherical elastic meshworks) into shapes with symmetries other than icosahedral when we include elastic heterogeneities via increasing the number of the shell components with different elastic properties. Various proteins in cellular environments are coassembled into regular and irregular polyhedra shells, such as in energy-converting organelles and bacteria proteinaceous microcompartments (27) . Moreover, heterogeneous membranes are also generated by coassembling cationic and anionic lipids into vesicles that are faceted regular and irregular polyhedra (28) . In this work, we take the simplest case of a membrane composed of two components A and B that are individually isotropic and characterized by their Young's modulus, Y A , Y B , Poisson ratio ν A , ν B , and bending rigidity κ A ,κ B . Such a case also describes multicomponent systems that segregate into two phases (29) . Nevertheless, when multicomponent systems can access more than two phases, we expect more complex structures.
A key feature of this model is that we do not assume the position of the components on the shell but only fix the relative fraction f of the two components to find the lowest-energy configuration. We associate with any distribution of the two components over the shell a standard elastic energy that depends also on the actual shape of the shell, which we parameterize by using a popular discretized model for elastic membranes based on a triangulated spherical mesh (30) . In our discrete model, f is the fraction of B bonds over the total number of bonds (A-and B-type only) on the shell (in a continuum model f would be the area fraction). We therefore minimize the elastic energy by (i) letting the two components freely distribute over the surface at a fixed relative fraction f and (ii) allowing the overall shell shape to change and adapt in three dimensions accordingly. The lowestenergy configurations are obtained by means of a series of standard Monte Carlo simulated annealing simulations. Similar to other studies (19, 20) , we consider only shells with a convex shape. The possibility of having more general geometries including blebs, buds, and saddle shapes require the presence of defects (30) , which proliferate at high temperatures (31) . For simplicity, we assume here that thermal fluctuations are negligible compared to the elastic and bending energies.
Results and Discussion
We reduce the parameter space (with tunable f , Y A , Y B , ν A , ν B , κ A , and κ B ) by considering materials with the same and most common value of the Poisson ratio, ν A ¼ ν B ∼ 0. 33 . In order to demonstrate the family of possible buckled structures, we consider components A, B such that if the shell is covered completely by one of them, its stable shape would be either icosahedral or spherical. A sufficient condition for that to happen is to choose
In what follows, we consider the B component to be more rigid than the A component (κ B > κ A ).
At intermediate values of the fraction f , the tendency of one component to achieve a spherical shell competes with the preference of the other component for an icosahedral shape. We explore this region in detail in Fig. 1 . From the snapshots, one can observe the existence of uncommon polyhedral structures at intermediate values of f . The existence of such structures is surprising, because the classic theory of buckling for a spherical shell identifies the 12 fivefold disclinations arranged in icosahedral symmetry, by assumption, as the seeds for the conical shapes that evolve into the vertices of an icosahedron during faceting. All polyhedra snapshots in Figs. 1 and 2 have 12 fivefold disclinations as required by Euler theorem, but they are arranged in different positions, and they do not act as seeds for buckling (meaning that they are not located on the polyhedra vertices). For example, in the tetrahedron, there are three disclinations per face positioned farthest away from one another and are actually slightly sunken into the faces, as can be seen in mean curvature maps in Fig. 3 , where we also show how the curvature concentrates along the edges of the faceted structures. Therefore, an unconventional buckling mechanism is required to describe faceted multicomponent shells, such as the polyhedra observed in bacterial microcompartments (27) , which are remarkably similar to the polyhedra snapshots we find, as shown in Fig. 1 When two elastic components are sharing a surface that includes fivefold disclinations, they tend to segregate. On a sphere, the B component with a higher bending rigidity is repelled equally by all 12 disclinations and, therefore, roughly tends to be confined in regions that are dual to the icosahedron, namely, the spherical dodecahedron. Such an argument is an approximation, because it depends on the values of the fraction f and the Y A ∕Y B ratio, set to one in Fig. 1 for simplicity. The region around the edges connecting the vertices, where one expects the curvature energy to be high, tends to be occupied by the component with a smaller bending rigidity (component A), whereas the flat regions corresponding to the polyhedral faces tend to be occupied by the component with a higher bending rigidity (component B).
At intermediate values of the relative fraction f , the interplay between geometrical shapes and patterns on the surface starts to burgeon. The component with low-bending rigidity tends to grow along arcs. This would be also the case of a component with a larger Young's modulus, because bending without stretching favors a curved region with zero Gaussian curvature, which is a surface that locally has a flat direction. Such lines can merge into vertices, while still conforming to the underlying hexagonal packing lattice. The resulting pattern of lines of one component around the sphere acts as the scaffold for the faceting of the shell into a polyhedral structure with regular threefold or fourfold vertices. Such vertices are joined together by sharp edges, occupied by component A, that surrounds polygons occupied by the high bending rigidity component B. These polygons tend to have a shape as uniform as possible. However, irregularities are unavoidable, because only very specific values of the fraction f fulfill the commensurability conditions that are necessary to obtain uniform and perfectly regular polyhedra. Interestingly, the segregation features in a flat disk with one fivefold disclination and with Y A < Y B shows that, besides boundary effects, most of the stretching energy is condensed around the soft-component A at the fivefold disclination at the center of the disk (see SI Appendix). The segregation of the two elastic components around buckled conical disclinations, and over the ridges connecting them, is in general different from the planar case, most likely caused by the Gaussian curvature present in the spherical and absent in the planar case.
One can understand the qualitative origin of previously undescribed faceted geometries by recalling that any polyhedron with faces that are regular polygons and with congruent vertices must be a uniform polyhedron. The only convex uniform polyhedra are the 5 Platonic solids and the 13 Archimedean solids. At intermediate values of the fraction f , we find the tendency toward polyhedra that are less regular (with vertices with fewer degrees of symmetry called Johnson solids).
Because the tendency of forming lines and edges is a consequence of the effective segregation between the two elastic components (even though the components are chemically compatible to be coassembled, they segregate due to their different elastic properties), such patterns occur also on a spherical shell that is rich in the component that does not favor buckling. In this case only spherical tilings arise, as polyhedral tessellations of the spherical surface. The most remarkable spherical tilings, which are observed in some instances at very low relative ratios, are the twogonal and three-gonal hosohedra, which resemble cellular containers (15) and coassembled cationic and ionic amphiphiles with various degrees of ionization states per molecule (28) . Such structures do not have a polyhedral counterpart with polygonal flat faces. Fig. 2 shows an extract of the portfolio of some structures we have found. The presence of a line tension term between the two components can change the scenario we describe in this paper and make it actually richer. For instance, at sufficiently high values of the line tension, single-component arcs would be suppressed in favor of larger domains, as shown in SI Appendix.
Concluding Remarks
In summary, once the homogeneity requirement is lifted, a unique buckling pathway for a two-component elastic shell is available. Depending on the relative fraction of the components, the shell minimizes its elastic energy with a number of regular shapes with symmetries other than icosahedral. A surprising feature of this model is that by slowly varying the relative fraction of the two elastic components, the lowest-energy configuration leaps from one polyhedral object to the next without following the path where the number of broken symmetries in the transition is minimal. A clear explanation of this fact is due to the strong constraints imposed in a finite size system. The various regular and irregular polyhedra we predict closely resemble the shapes observed in the multicomponent bacterial microcompartments such as Pdu (32) . Moreover, polyhedra due to elastic inhomogeneities may also result upon adsorption of components or proteins to crystalline membranes or meshworks, such as cellular containers or clathrin cages (33), if they can considerably soften or harden the shell locally.
If the reported shapes are reproducible experimentally, then one can foresee intriguing potential technological applications that include the design of containers with shape recognition and/or with highly catalytic surfaces. The coassembled shells naturally develop surface patterns that lead to polyhedra shells with an enhanced concentration of the soft component at the polyhedra edges, rendering high functionality to the shells. Polyhedral heterogeneous elastic shells could pave the way toward a previously undescribed guiding principle for the control of shape at the nanometer and micron scale, and toward the rational design of functional nanocontainers to mimic, for example, protein-based bacterial organelles (13) . A buckling approach to ionic icosahedral shells utilizing long-range electrostatic interactions was proposed earlier (34) . However, the case we consider in this paper is based on simple local elastic interactions: As such, it represents also a previously undescribed paradigm for the faceting transition of spherical shells. Although large spherical and icosahedral shells are abundant in nature, the less symmetric polyhedral shells discovered here are potentially more functional and appear at the nanometer length scales where their functionality can be fully exploited, which suggests that evolution might have selected its cell components in an optimal way to take advantage of this previously unexplored buckling mechanism. 2 . Some examples of polyhedral structures we obtained by considering two different elastic components on a spherical shell. We note the exotic presence of the 1-hosohedron and 2-hosohedron (Top Left), and the truncated octahedron (slightly deformed, Bottom Right). The remaining structures are regular platonic solids: tetrahedron, cube, octahedron, dodecahedron, and icosahedron. Fig. 3 . The density plots of the mean curvature (Right, in spherical coordinates 0 ≤ θ ≤ π; − π ≤ φ ≤ π, with dark-color/low-density and bright-color/ high-density) reveals how the curvature of the buckled shells (Left) condenses in correspondence to the softer elastic component.
Model and Method
There is an extensive literature on discrete network models that can be used to effectively describe elastic membranes or thin shells (30) . We adopted a standard discretization, which is based on a two-dimensional triangular lattice with equal-length bonds. The triangular lattice reproduces isotropic, homogeneous elastic properties in the continuum limit (i.e., when the number of triangles goes to infinity while the length of the discrete bonds goes to zero). The total stretching energy of the network is defined by a harmonic potential nearest-neighbor interaction:
The stiffness constants ε i are position-dependent variables and in our model can take only two values ε A and ε B , corresponding to the two components A and B, and they are associated to the bonds of length l i of the triangulated surface. For simplicity, we set the nonstretched bond length to l 0 ¼ 1. This choice differs from approaches used to study binary fluctuating membranes, where the components are placed either on the surface triangles (35) or on the vertices (36), because in our case both the stretching energy and the bending energy are bond-based quantities. The discrete bending energy is (19)
where~n i;1 and~n i;2 are the unit normal vectors of the two triangles that share the bond l i . The species A or B are naturally associated to the bond on which they are defined and because neither the number of bonds nor the connectivity of the membrane changes during the simulation, the total ratio of the A component over the B component remains constant without introducing any further constraint. The only additional energy contribution is a tether-and-bead potential that effectively ensures the self-avoidance of the membrane.
The relation between the discrete F discrete (30) . In general, such an identification is shape dependent (37) . Moreover, the identification of the bond-based stretching energy F discrete s differs also slightly from the vertex-based counterpart derived earlier (19) , which is Y ¼ 2ε∕ ffiffi ffi 3 p ;ν ¼ 1∕3. In fact, under small deformations, the length of a bond l i changes to (23) . By applying the Euler-Maclaurin formula ∑ i f ðx i ÞΔ ≈ ∫ f ðxÞdx to the discrete stretching energy, we obtain
where the discrete element area is Δ ¼ 2 ;κðzÞ ¼ ffiffi ffi 3 p κ i ∕2;ν ¼ 1∕3 for cylindrical geometries and disks. All calculations were performed using a Monte Carlo code that we developed. A typical shell contained up to N v ¼ 2;000 vertices, N e ¼ 6;000 edges, and N t ¼ 4;000 triangles. Starting from a spherical configuration with a random distribution of soft and hard components, the structure was relaxed by performing simulated annealing with a linear cooling schedule. To ensure that we find fully relaxed structures, we have performed up to 10 cooling cycles. A typical run contained 1 million Monte Carlo sweeps. Each sweep had two parts: (i) A move of each vertex was attempted, for a total of N v random vertex moves, followed by (ii) N v attempted edge swaps. In the second part, two edges were chosen at random and a swap of their types was attempted. A total of N v such moves were made. We note that although there are more edges than vertices, i.e., N e > N v , for simplicity we opted to use the same number (N v
The buckling of a disk with two elastic components is particularly enlightening. When a membrane containing a disclination is allowed to deform away from the planar configuration, the stretching energy can convert into bending energy, with the consequent buckling of the membrane at the disclination (19) . The bending energy is described by the classic Helfrich energy functional:
where H is the mean curvature (i.e., the sum of the principal curvatures), K is the Gaussian curvature (the product of the principal curvatures), κ and κ G are the bending rigidity and the Gaussian rigidity, respectively, and dS is the area element of the curved surface. Note that we have assumed zero spontaneous curvature, H 0 ¼ 0. The estimate of the bending energy of a membrane containing a disclination is considerably more complicated than the evaluation of the stretching energy, and even in the fully homogeneous case it can be solved exactly only in the inextensional limit (i.e., Y → ∞): F b ¼ sκ logðR∕l 0 Þ, where the native bond length l 0 acts as a short-distance cutoff parameter (19) , and s ¼ π∕5 for a fivefold disclination. We can estimate the bending energy in such an "unstretchable" limit for the two-component case. A fivefold disclination at the center of a disk of radius R can be obtained by cutting away a circular sector with central angle 2π∕6, and subsequently gluing together the two newly formed edges (20, 24) . In the case we are considering here, such a cut-and-glue operation yields a cone, with slanted height R, a circular base of radius r ¼ 5R∕6, and height h ¼ ffiffiffiffiffi 11 p R∕6. Assuming a fully radial symmetry, we take the two components A and B having bending rigidities κ A and κ B > κ A , respectively, that occupy two circular regions with one surrounding the other. Let the two regions have slanted heights R 1 (inner region, occupied by A) and R > R 1 (outer region occupied by B). The area fraction is therefore f ¼ R 2 1 ∕R 2 . The (local) mean curvature of such a cone at a height z from the apex is H ¼ h 2 ∕ðrz ffiffiffiffiffiffiffiffiffiffiffiffiffiffi r 2 þ h 2 p Þ ¼ 11∕30 z, whereas the Gaussian curvature is K ¼ 0 everywhere, because the principal curvature along the radial direction remains zero even after buckling. The bending energy reads
The similar case where the inner component is B and the outer component is A at fixed area fraction f can be obtained by simply substituting κ A ↔ κ B ;f → 1 − f . It is straightforward to verify that the latter case always has higher energy, when R > 1∕ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi f ð1 − f Þ p , which is always true for large R. We conclude that the softer component (i.e., one with smaller bending rigidity) tends to occupy the region containing the disclination.
One should consider also the possibility of breaking the circular symmetry, with the two components distributing nonuni-formly around the buckled cone. This case would correspond to solving all the Föppl-von Kármán (FvK) equations with cylindrical symmetry and by considering all Fourier angular components (38) . It is natural to assume that, for large disks, the curvature will condensate in the regions occupied by the softer component (A), because the energetic penalty of having higher curvature there is small. We therefore consider only the case where the disclination buckles into a pyramid. In such a case the curvature is concentrated on the edges of the pyramid (see Fig. 4 ), and it is proportional to approximately
, wheren i is the normal vector to the ith side of the pyramid, n is the number of sides of the pyramid, h is the height, and r is the radius of the polygonal base (discussed below). Once again, the inextensional limit fixes the radius r ¼ R sin x∕ sin z, with x ¼ 5π∕3n and z ¼ π∕n, and the height h ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi R 2 − r 2 p . This implies a curvature along the edge proportional to jn i −n iþ1 j ¼ 2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi sin x 2 − sin z 2 p ∕ cos x, and, therefore, the total bending energy is 2nRκ A ðsin x 2 − sin z 2 Þ∕ cos x 2 ∝ R, which is a linear function of R because it grows with the length of the edges where the curvature is condensed.
Monte Carlo simulations at a low temperature for f ∼ 0.07,
, and R ¼ 10 (units of bond length in our discrete model) are shown in Fig. 4 . The component A has an FvK ratio below the buckling transition and therefore favors flat configurations. However, the component B has an FvK ratio above the buckling transition and favors the out-of-plane buckling of the disclination. When one of the components is present at a sufficiently large fraction, the conical buckling breaks its rotational invariance and develops into a pyramidal shape. The intermediate cases 0 < f < 0.1 show a rich behavior (see Fig. 7 in SI Appendix). At small area fraction, the soft component condenses along edges that radiates out of the fivefold disclination. Interesting patterns seem to arise spontaneously at intermediate values of f without the need of introducing any additional competing interaction among the components, such as a line tension. It appears that the component that is softer and weaker tends to accumulate around the center of disk, on top of the disclination when the geometry is planar, and along lines radiating out of the disclination along which the edges of a pyramidal configuration form. Such a mechanism is at the core of the formation of the more complex faceted shapes observed in this work. 
Continuum elastic theory for a disclination on a heterogeneous two-component membrane
In order to gain a better insight into the elastic behavior of a two-component membrane, we analyze in the following section the simpler problem of determining the elastic energy of a single disclination on a disk, made of two elastic components and in the case of flat geometry.
Flat disk
The stretching energy of a flat isotropic thin plate parallel to the plane is traditionally written as (1): , where λ and µ are the two-dimensional Lamé coefficients, and U is the two-dimensional strain tensor at small displacements u i from the equilibrium The solution can thus be found by first determining the general integral in the two regions, and , and then by imposing suitable boundary conditions that connect the two solutions. Away from the boundaries, where the Young's modulus is constant, we have . And the equation obviously reads , which has four independent solutions that do not depend on the polar angle:
Therefore, the general solution in the bulk regions is given by the (piecewise) linear combination: Figure 1 . Radial symmetric distribution of two elastic components around a flat disclination at the origin (see text).
The coefficients can be determined by imposing the following boundary conditions. First, the radial components of the stress tensor should vanish at , since the membrane is assumed to be unconstrained at the edge. Second, the Airy function and the stress tensor must be continuous across the boundary at in order to have equilibrium.
Third, since the Airy function is defined up to an additive constant, we assume its value at the origin to be . Moreover, the requirement that the displacement must be finite at implies . Finally, by applying the Gauss theorem to the original differential equation over a disk of radius and , we get and
. We obtain: whe re we introduced the dimensionless parameters , and .
From this expression we can compute the stress tensor and the strain tensor, from which the initial integral for the stretching energy follows as well. The result is lengthy but straightforward. It is useful to express in terms of the area fraction f occupied by the
#1-component, that is f=area(#1)/(area(#1)+area(#2))
, or equivalently, , and to let be the stretching energy for such a configuration. We verified that for , we recover the classic result (2). Moreover, we are interested in comparing with the stretching energy for the case where the #2-component occupies the inner region (and ). The two energies are plotted in Figure 2 . Two features can be observed: first, the stretching energy scales as ~for large radii, as expected. Secondly, the less stiff component (i.e. having smaller Young's modulus) tends to occupy the region over the disclination, except at very small fraction values where the situation is the opposite.
We compared our analytic result with a numerical Monte Carlo simulation. Some snapshots of the simulations are presented in Figure 3 , and a plot of the corresponding radial density of the two components and the stretching energy are shown in Figure 4 and the region close to the center; even though the contribution from the disk boundaries is not negligible (our simple theoretical analysis neglects the details of boundary effects).
We note that the curve in Figure 5 has a trend in qualitative agreement with the exact curve in Figure 2 . Finally, Figure 6 shows how the total stretching energy is distributed around the five-fold disclination. While most of the stretching energy is concentrated near the center of the disk, where the five-fold disclination is located and therefore rich in the soft component, there are important boundary effects. Such terms break the axial (rotational) symmetry, which we have assumed in our theoretical analysis and, in our opinion, are ultimately the consequence of the discreteness associated with the numerical model used in our Monte Carlo simulations. Figure 3 . The inner region at small R is occupied mostly by the softer component.
Out-of-plane bending of a disk
In Figure 7 we show snapshots of the buckled five-fold disclination for six different relative fractions of the elastic components. For discussion, see the Model and Method section in the article.
Finally, in Figure 8 we plot the bending energy of the configurations (similar to the ones in Figure 7 ) at different area fractions. We verified that the decay of the energy with the area fractions is logarithmic, as predicted in our theoretical analysis presented in the Model and Method section in the article. The component in blue has elastic parameters and favors flat configurations while the component in red has which favors buckling. Note that slight curvature of the bottom right configuration is the low-wavelength thermal excitation of the plate and has nothing to do with the disclination induced buckling.
Parameter space for a two-component system
In Figure 9 we show a cartoon of the parameter space and indicate regions where the shape competition between the two elastic components occurs (regions III, IV, and VI in 
Gallery of shapes
In Figures 10 and 11 we show snapshots of relaxed shapes obtained from Monte Carlo simulations for a range of fractions f of the hard component. In Figure 10 we set Y A =Y B , in order to drive the faceting via the difference in the bending rigidity between the two components. This is reinforced by the results obtained for κ A =κ B (Figure 11 ), but with a different Young's modulus, where a smooth transition between sphere and icosahedron is found. In terms of the parameter-space diagram in Figure 9 , the strongest faceting effect occurs between regions IV and VI. This is to be expected, as faceting requires the curvature to concentrate in the region along edges between two faces, which is energetically favorable only if a component with small κ is present. Therefore, faceting will be favored for shells with two components having comparable Young's modulus, but sizably different bending rigidity.
Notable examples of regular and irregular polyhedra are bacterial microcomponents, which are shells constructed from proteins involved in a large number of metabolic processes (3). They are D=100-150nm in diameter with the outer shell built entirely of proteins. The shell is d=3-4nm thick and very heterogeneous, typically consisting of up to 20,000 proteins of 10-20 different types. Their relatively large size and small thickness, d/D<<1, renders the elastic theory for thin shells applicable to these microcomponents.
Elastic theory of thin shells(1) predicts that Y~d, while κ~d 3 , and we have for simplicity assumed that the three-dimensional Poisson ratio for both components is equal.
Therefore, even a small variation in thickness, caused by different sizes of shell proteins for example, will result in a much stronger change in κ than in Y. This is consistent with our observation that the faceting is much more sensitive to variations in the bending rigidity than in the Young's modulus, and might explain the faceted to non-icosahedral shapes of cellular microcomponents. 
Analysis of FvK number
In order to illuminate the difference between two possible discretizations, the first assigning the elastic properties to the edges, and the second being the more common vertex-based definition, we compare the onset of a buckling transition of a homogeneous sphere with Young modulus and bending rigidity defined on edges or vertices. We scan a range of FvK numbers γ, and compute the asphericity, , where R i is the distance of vertex i from the center, and <R> is the average radius. For a sphere, the asphericity is zero, and it increases as the object gradually deforms away from a spherical shape. In Figure 12 we show asphericity as a function of FvK number for a (p,q)= (6, 6) sphere with the Young modulus Y and the bending rigidity κ defined on vertices (red) or edges (green). We note that that both definitions result in the same curve.
Effects of line tension
We briefly address the effects of line tension on faceting as discussed in this study.
Here we use a simplest definition of the line tension, where the contact between two vertices of different type is penalized by λ, i.e., , with δ ti,tj being the Kronecker delta symbol equal to one if both vertices i and j are of the same type. Note that this definition requires the components being placed on vertices rather than on edges, which does not pose a problem as shown above. We also point out that in our definition of the line tension, λ has units of energy.
In Figure 13 we show snapshots of the relaxed shapes of a (p,q)= ( 
